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RESPOIEE OF A SWPLY-SUPPOmED TIKSHEMKO 
BEAM TO A PUREIT RAHDOM QAU3SIAX PROCESS* 

by 

J.  C. SMWBIJ** and A.   C. Erlogen«** 

Purdue Unlveralty 

ABSTRACT 

The  generalized Fourier Uklyvla  is  »pplled to the  danped 

Tlaoshenko be«a equation to c&lculjita the mean iqu&re values of dls- 

placeaenta and bending stress, resulting froa purely randoa loading. 

Collared with the calculations based on the classical bea» theory [k], 

It vas found that the dliplaceaent correlations of both theories were 

ID excellent agreeaent.    Moreover the Mean square of the bending 

stress,  contrary to the results of the  classical bean theory, was found 

to be convergent.    Computations carried out with a digital computer 

are plotted for both theories. 

«Present work vas spciiscr^d by the Office of Naval Research 
"Research Assistant, Division of Engineering Sciences, Purdue University 
•"Professor, Division of Engineering Sclencei-, Purdue University 



1.    Introduction 

S» r..p.„. or !!„„ «u.,!, tMm t0 ^^ ^^ ^^^ 

b» 1«.. .tudl«! by to»».!« [I], Houdl« [21, ,„ l«, ^ „^.„»a, ,„, 

Ud ErlW» (H. „i^. ^^^ the ^ I<UB> (UwlM1Mit< ^ ^ 

u th. »„ .,„„ ,t„.„, pro4uo.a j, , ^^ Iul>Ject ^ i purei)t 

«i™».    a, theo .ugge.tM tut th. own „f thl. dlver^nce „,, 1, 

tr.o.4 to th. I****-»» or th. M«.l« ,»„ theory.    I. ordr to 

Momu. thl. pol,t,  o- t, th.» i« to co„la.r , ^^ ^^ ^^ 

oooflnlog . »ol»nl.. vhloh vUl f.ror.bly „.po^ to neb . lM. 

1«.    Th. pr...nt .tudy i. «■ r..ult of .„eh . con.ltor.tloo. 

At am, th. KmMmiko b.„ thoory .MtM «th th. Mdltlon 

of . tn^Utorr velocity d^i,« .pp.md t0 ta ^,w.t,.    ^„^^ , 

OK», mamtl«, .ho^d thet not ooly thl., hut th. »idltlon or Volgt- 

s...» tn. „r inter-! d^rn« uj « p,.^. .„ .^^^ ^^ lt<i4_ 

in« to conv.rsine ..«.. for th. „„ .,„<„.. ^^ „„„      latr<>iuc. 

tlon of . linee, d«,lng to roftory MM», ho»™r, produced the 

.xp.ct.d r..ult.    «th th. «ution of .„ch . «oh.nl.. to Tl-o-hento 

bom. It v.. no longer nec....ry to «wpllc.te the enel,.!, by nelng 

int.rn.1 duping.    Ba UUJni. of thl. «xl.1 li oml.d out for . 

•W7 «upportod be«, .ubjeot to „ndo. pre.eur. «d purely „Mo. 

conceotrmted load. 

An «iectronio colter «8 UBed to co-put. the -UspUcwent and 

bending etreas  correlation functiono. 



-5- 

2.    Differential Equation« 

Fig.   1    Element of the Beam 

Equatlonrof rotatory and translator/ motiona of an element of the 

TiBOahenio beam respectively are   (Fig.  1) 

where M,  Q, P are the bending mpment, vertical ahearing force and the 

vertical applied load;  t^ T£ ate surface shearing stresses which vill 

play the role of a damping due to ratatlon; h.  A,   I are the thiclcneBB, 

the  cross section area, and the moment of Inertia about the neutral 

axis,  p is the mass density,   ip and w are the bending angle and the 

deflection.    Coordinate x locates the cross eeetion and t la the time. 

In the Timoshenko beam theory rte have 



S' 

(5)    Q = kGA 7 

"her« 7 H  the .heu-lng «ngl«, E uiao «re lovmg'. Md shear «jdulU 

re.pectlvelor, and k U • constant vhleh H adju.table to take Into 

accound the effect of the shape of the cross section.    Here w    '■ 
B  ' 

teirod the bending deflection [jj.    For k, TliK>shenko and E.  «elssner 

respectively use 2/3 and 5/6- 

In order to arrive at a rotatory damping similar to linear veloclt/ 

damping, ve set 

<6)    Tl "' T2  ' h    Bl 5t ' Bi ««"»Mt. 

This merely Introduces a mechanism for the rotatory damping and 

is no more or less a sacrifice than the universally accepted Idea of 

linear damping ßo äw/dt present in (2).     It .ay he thought of as being 

the air friction combined vlth all the frlctional resistance against 

the rotation of the elemsnt of the beam. 

If ve use (3)  - (6) in (1) and (2), ve obtain: 

KCA     g-P^kO*     ^    -     (.„£ 

Differentiating the first of (?) vlth respect to x and using the 

second of (7) to eliminate qj,  we find 



A einöle relation exiet« between w and «_.    Thla is found by com- 

bining (2)   -  (5),   integrating the result with respect to x and excluding 

a rigid body displacement from the rosult.  Hcn^e 

(10)    w. 
kGA (pI- Hl 7* ^ 

Soaetinea WB  is called the shear deflection [5]. 

With the  introduction of (10), equation (9) »ay be ginpllfied to 

(11) uB ■ P 

Equation (8)   ia tne Timoshenko bean equation modified with linear 

and rotatory damping and external loading.     In what follow», we also 

need the boundary conditions for a sIi^ily-supported beam; 

(12) w - df/bx =0    at x = 0,  L 

rtm (10),   (5), and (It),  it is clear that if we mke 

(13)    wB - dSJ* • 0,  L 

then the boundary conditions (12) would be i 

first solve (11) subject to (151 to obtain * 

gives w. 

defied.    Hence we may 

Equation (10) then 



?■    Formal Solution 

In order to dttenttM the »an .quare vain., of rario». quantltle. 

•ucl, a.  the aLpl.«««. and tl» .tr......  „ mtt flr,t tiai a .Mady- 

•tat. .olnMon of (8)  .aU.fjrlng (18).     Thl.  U th. .u. thin« u .olv- 

na (111 «ubj.ct to (12).    MmnUlM har.onlc analy.u (6) can then 

b. u..d to co.pl.te th. prohl...    A fomil «olutlon of (11) satl.fylng 

(l^r) has  th. form 

JO 

(H)    «B(x,t)  .V     „ii(tl  em („„/L) 

If vre ue.   (14) and a elmlla, .xpr.jilon for P with P (t) raplaclng v (t) 

in (11),  v. obtain an ordinary differential .quat,    i for w (t).     The 

Fouri.r tranafora of thl. equation with respect to t giv.a: 

(15) »„({)  ■ (c\/EI) fJlD/BU) 

(16) Dn(5)  : j'.iaj' . i^ , ic^ , j 

ar.d 

(17) a  = 6 A ,  b    -- B    •  B„2B,   c    ■ B C  ,  d    . » V 
"no nonn a 

*„  •  (1 •  «)/oA,   B  .  «(oA)'2,   Bii   •  c2((l  .  ),)» 2 *  A,"2] 

(18) Cn -  (c2/«)  ((1 ♦ «X)>2 , Xr'2),  X = kO/E,  c  . (E/o)1'2 

r  =   (I/A)1^2.  .  . B,/B r2,  ■„    = „A 



oo 

(19) ff,<C)   ■ /.n(ti .-"«it 
-OO 

»- th. w,..!« « ,<.,,) of a, foni (lll)j th. R(11.ltr eo.mc(tnt 

Fn(t) Mr fe* found to bo 

L 
(20) r.«)  • I ^   «,,[) .!„ ,nl,/L) 4, 

With th. ™ of IM) to (I,) „ _ to»« (15) to ohtoto 

W  .,(») = («VlM/j/",(..,) ,(,,,) 4„ ^ (nn/1) „ 

«ten 

<■) V" - s- /" ."Vv» 'c 
-oo 

1. th. »i^tto, fu^Mo. of th. .„u. for th. n" «M. « MMUm. 

h .»Mtoo (1*) „ „„, i,„ y^,,.    jtfTirOmv 

thi. r.™it to (10), m obui. ,(.,t), tho. cc^utlo, . .»^..ft. 

solution of (8) ■ub>ct to (12). 

^.   »nlufttloD of w (t) 

amtm UtoBMUoa mr ooownlmtl, «. o^, t, nUnt. (21). 

»or t>o th. «wow-to« contour C for thl. to«»« 1. th. «pp., h.lf 

«f • «PCI. Of .«to. K to th. {.pton. h.,lo, th. origin .t { . 0.    It 

<an b. «hora thnt th. Intagrmi 



V11'- 4?^ "u!/o„(t)« 

«long the .e.i-circular .re v.l.he, ., S^,, ,„„ tha, along ,.„, „^ 

»xi. gi,.. (22), ,hlch by m, theorJ 01. „,iamt vill ^ 2lIl t,n]es tlie 

■™ of th. rc.ldue. vithln tie contour. To ott.ln the re.ldue., ve 

need to loc.te the pole, of D^) = 0, which In «lev of (16) 1, the 

.a« thing .. rinding th. root, of the frequency equation: 

(25) IS 

The root, of th. qu,rtlc (23)  can he determined exactly by u.lng th. 

Knom fomula. for roots.     However,  the  co.pl.xity of the., for-ula. 

would mxe the re.ult difficult to Interpret.    Dm, w. u.e an approxl- 

•ate n,tbod which,   for .mil damping,   Introduc. negllglbl. .rror.  In 

the final re.ult..    »e take th. tran.v.r.e and rotatory dating coefflcl 

ente 0o and &1 to be th. san. ord.r of nagnltud..     Thl. means  x   = 0(1). 

For Bo small a natural method for finding th. roots  of   [iwj   La to use a 

perturbation procedure  in which ^ I. the perturbation p.ramit.r.     Thu. 

we writ. 

Upon .ub.tltutlon of thi.  into (JJ), u.i„g (i7) and ..ttlng th. coef- 

ficient, of various power, of (^ equal to ».ro, we obtain 



while «11 the other z. satiefV linear equatlonB. Hence 

(26)    .j .  -(Ao,
2*Cn)(,zo

2.2Bn)-
1 

»e llkevl.e obtain Zj,....    However in the preeent work,  it will not 

be necessary to obtain the higher order terms. 

We note that the dependence of Cn o» n doe. not violate the per- 

turbation since tor lar^ n ve have z = 0(n), thus mklng C z and az3 

0(n  ) while the remaining terms are (Hn*). 

An examination will show that B 2 - itd >0.    Hence w    and u n            n- n n 
are real,    min, (2M - (26) ™ may now «MM DJS) to a line« approxi- 

mation in &   as 

"jv ; (t-tiKe • tj'xs - t2)(s. t2>), 

(27)     5n  =     »„(A^2   - Ca)(W]i
2  - 2B   )-1 

"n  =    So<Ao''n 2  " Cn)(l'"n ' " 2B '^ 



and an aeterlflk represeotn  complex conjugate e.g.  C • ■ u    - 16 

By uae of Cauchy's theorem of realduea, we find that tf (t) ■ 0 for 

t<0 and 

Wn(t) - Im (P^    1    + P2e    2 ) for t>0 

(26)    Pi-VX-M'1»!*^-1 

Here Im repreaenta the imaginary part of the complex quantity.    Sub- 

stituting the first of (28) into (21) and the reault into (it), we 

(«> ..c.*) ■-«'Vtuy (/o
L(/o"i.(p1.

I!i(t-"»p2.^
(t-,,) 

P(!,T)dTl sin (nn/L)d!) »in (mi/L) 

»1. conpletes th« »olutlon of the <IMnUil«Uc probi™,    Kir thpougt 

(10), we can calculate w(x,t}. 

m .(x,t). -ucVnjf (/L[/0°1- (v
1^'1-" . ^e1^11-", 

n=>l o      o 

P(i,T)dT]  Bin (nn/L) de)  ain  (n™/L)   , 

«j - U -  (r8/)*2)^2 .  [Kar2  X^c-^l«)-1,   ltj + {r\2fr))Pil 

(J    - 1.2) 

5-     The Autocorrelation Function of the DiBplacemeot 
and the Bending MometlF   

Hie  tine average of a function w(x,t) i> defined hy 

lim    ,      rT 
(31) <VU,t)> = T^oo ^J   w(t,t ♦ T) dr. 



For an ergodlc proceaB this average is known to be equal to the 

expectation (ensemble average) E[w(x,t)} of the function w{x,t). If 

the origin selected for time t does not effect the expectation,   i.e. 

E{x(x,t + T))  = E{w(x,t)) 

we say that the process is stationary.    For a stationary ergodic 

process,  therefore,  we may write: 

E{w(w,t)]   -- ■iw(x,t)> = lim 
T»oo 

i  rT 

yjrj    w(x,t) wU,t  *  T)( 

E(w(x,t) w(t  +  T)]   = R  (x,i,t)  =  llm    Jj,    f'I^ 
T-*oo "   4. 

(x,t) w(s,t + T) dt 
T-*oo 

Here Rv is called the autocorrelation function of w(x,t).    We note that 

the mean square value of w(x,t) follows frai the second of (Jl) by set- 

ting x * 0.    The aim of the present paper Is to determine the auto- 

correUtloo functions of the dlsplaceaent w and that of the bending 

stress in terms of the autocorrelation function R (X,S,T) of the 

applied load,  i.e. 

(35)    fip(x,s,T) = E(P(x,t) P(s,t + x)) 

Itils latter quantity is obtained from a record of the tine history 

of the load P(x,t).     later for this quantity, we shall select the 

fundaaental case of purely random process  in tine with temporal corre- 

lation in two space fioints, vanishing where the points are not coincident. 

Mort precisely 



W    ^(X.S.T)   = D6(x.S)  t(t) 

where 6 1B the Mr.c delt. fuictlon. IM, lor. 1. COTmly uned in the 

trwtMnt of the anamiu «.«on, but it !. douhtful If „y reai fun,, 

tlon could comply vlth It exactly. 

O.lng (1») .ith ,n(t) given hy (21) i„ puce of , 1» the ..oood of 

(5?), we obtain 

L   rL 

B = (2CX/EI1)l'/0/0
(/     /".<"V" 

(55)    B 
R 

ffl,n>l 

RpCx',«'.! * r  - s) dr dB] dx-dl'l sin (mrt/h) Bio (mrl/L) 

Upon substitution of {3k) this gives 
00 

(56) \ S l (CVED
2
 Y   SII(T) ,1„ („m/D .!„ („^/j.) 
n-1 

where 

(57) Sn(.)   . 2 J    wii(r) Vii(r . ,) dr 

We nay now use  (28)  in (5?) to evaluate this Integral 

Sn(T)    . Beal (l^e'fl' « ^e'^') 

<»)   «, = -K^)-1 p/ , i(Ei . ti.)-l ,iV . i(!i t k)-l PiP2 

i (tj  - tj')-1 PjP,- 

«2 ■ •i«,)-1 P/ . i(t2 . y.,-1 p^. .1({a , ^,-1 Vi . 

i(E2- V'"1^!- 



The real form of (58)   is 

"V 
S (T)   : e (En coo w T + F    aln w T) u n n n n ' 

-a T 

+e (Gn cos t*nT + H    Bin M T) 

(59) 

^n " "l "•" "i" » 2Fn  = l(|t   - M») 

For Büftll ßo these my be sl^lified to 

n n n    ' t       "a ' 

». tO«U lUpUcWU «nUtlOa Rv 1. obta;™a by .utatltuUng a, 

firm of (30) Into tM a.co»l of (31),    me r„„lt „ umu^x ln 

for. to (36) ul (38) «ts 1^ M 1^ dc^t.d by „pl.ci„g P1 ,„, , 

by ^ and «j roapeotively.    ih, rMl fom of Bv ^ b, m-ltwn H 

(Hi   »   . B ,c\ 2  r , "V,, , -OT 
1     '      w      L 'ET1      /   '•        K    "0' »„' * ',    .in u i) » e    » Ä1 « » » n 

[Gn'   c06      ■ ^ * Hn' 8in * T)) sin iLJSain fM 



2Gn " "2 * V . 2H; - KMJ . ^.), 

which,   for einall ß  ,  slmplifV to 

'"SK'-'n^^'^-U* *-**)■> 

(42)    20' » a -1 „ -2 (U 
2 - „ 2)-2 ,    2 

n       n       n     ^ n n '      ^n 

Wa,' 

q        =   1    -   Xo^A a +  XA  8, 

q^ - 1 - Xc-V./ + Xr2 ^2. 

In order to calculate the correlation function for the bending 

atreBB, we first calculate the bending morat-nt M{x,t): 



(43)   l«x,t) = -EI ä2.,/;«2 

Uni! tte benälnj raent coralitlon «„ «y 1» UUuUtM fro. 

^1  ■ lOKx.t) H(i,t ♦ ,)) . (Ei)2< 1^ 1^ > = „!,» jjS 

Wb«n (35) is substituted, this gives 
eo 

(W)   H, > (DCV/DV   Sn(T)(„VL)', sin („„/L) ,l0 {mtM 

näl 

(»lA)    «„(t) = 0(l/n2) 

n»r.fore, „ .^ concllld, th.t (W() „1,„rB„ thc>ll8h ^^^ ^^ 

•10.1,.    B» ««.. benu^ stress Is give» by ox . ^  «„„ z „ tl„ 

section «lulu, of the be«..    He tMU», stress correUtlon «aid 

therefor« be 

(»5)    «^ ■ Z-2E(M(.,t) «(t.t * ,)) . (DCV/IZ2) £(„/!.,'' B|i,T) 

n-1 

sin (mnc/L) sin (mr(/L) 

6-    Sfega CorteUtlons for other Hmdc- jjMUge 

Bm other sped« types of loMlngs «re of „reetlcel i^ort.nce. 

Tbey » the gurelj; rjgjcj, pressure „d purely rend» concentr.ted 

I«" of which the first Is represented by a pressure correletlon of 
the fora 



vhro D1 U the ooMtant ■ptotnl denilly ol prwiur. P(«,t). m, 

BUau. beodlog ,«,„ correlation lo this cue, calculated on the 

ba,l, of the clae.lcal (Bernoulli-Euler) theory, 1, ^„n by 

oo 

(»7)    »^ ■ (V .VAA8)£ » T^Cx) ein (.(l/L) .m („„/w 

ia,n"l,3,5.. 

J)21"1(S6 ooa « i t (»    - « ) 
-1 n       v ■       n' 

.In ^T) 

{*8)   -[H2 , (Uii , .ii)»j-l[a co. v - (._ * „J .m VJ) 

"n ' '"'X   - 62)'      .     a = (*/II ,     t •   6/aj     , 

s • e0Ai     ,  *„ • ? . 

In the caee or purely rando. concentrated load acting at x • a, the 

load correlation 1. 

(W    Hj, . I>2 0(x - a) 6(! - a) S(t) 

»e «axlau. bending .tre.. oorreutlon, baaed on the claa.lcal theory, 

1. given In [*].    n,e re.ult. baaed on the Tl»).henko »lei 1. a. follow: 



(50)    «„    = (to2AVz2)f 3^(0   („/L,2 („/,,,« .ln lMmM 
x a,n=l 

sin (n7ia/L)   "(mnx/L) sin (mrS/L) 

where 

S
BmtT)   "/     Vr) Wn(r + ^ ^ 

-00 

with wn 8ly.0 by th. flr.t of (28).    For otter typ., or 1ML cor..!.. 

tlOIK,   ...   [k], 

7.    »uwrlMl Ew^il. ggg Dl.cu.»lon 

«. •iMtnsla aiglt.1 colter v.. u.«i to cUMjit. th. dl.pl.c.- 

■nt on >ulmu> .tr... corr.l.tioo. « x = e  (the »a» .qu.r. v.lu..) 

for th. cu. of pur.1). «ndo. Icullne.    Ik. .t..l tea MM ... ».«top 

thick nop thin (L/r = 20) «nd bM th. foUovlng (M>»r.ct.rl,tlc. 

E  = 30 x 106 p.i , a = 12 x 106 p.l 

k = 5/6 , p = 0.285 lb/In5 

L/r -. 20 ,        tjt, -. x,!., cp,      _      „I/TO , ;900 ^ 

x  : 1.0 

"n ' 'n = 95,8i 70<>- 

Hi. MHM fop I1,B «nd R, converg, .xtp.ml, «pldly, thu. poqulpln. 



tte oacumion. of only the tint fe« tt»,     n» ,,«., for K      i, 
x 

howver very .lowly conversent.    Kr . tut .ccu-.ey. It ™, neces.uv 

to Uke into .ccount 100 ten. of the .erle,.    Tbl., of oour.e, v.. to 

be expected, .Inoe the Bernoulli-naer Theojy led to divergence for 

thi. „iMtity (M.    tte reeult. of the.e corou^tion. .re plotted in 

Fisure. 2 - 5.    For the purpose of c«nparlaon, the re.ult. of the 

Bernoulli-Euler Iheory i. «l.o plotted In Figure. 2 nnd 3.    It is  clear 

fro. the.e curve, «tat Bemoulll.Euler beu theory 1. ..ti.f.ctory for 

dculition. of th. m.n .innre of the di.pl.cenent.    The curve, of 

Figure, k ,„d 5 rare, on the other h.nd, not oht.in.hle fr« thi. theory. 

Figure k »hov. thnt the >e.n .qu.ro of the tending .tree. 1, Uaost con- 

.t.nt «long th. leu,.    According to Figure 5, thi. entity,  in ti™, 

1. nearly purely rMdm., o, effectively indicted by the clculntion. 

bued on the cla.,ic.l beu. theory (41.    Ihe during ha. the effect 

of reducing the .haipnes. of the correlation at ßT  ■ 0. 

In conclunon, the Bernoulli-Ruler bMa theory represent, an 

adequate aolal for .tudying r.ndo. vibration, of beam, .hen only th« 

■ean di.plac-aients are .ought.    If the mean bending stress 1. desired, 

it is nece.aary to use a more improved theory.    The TUaj.hento beais 

theory, as indicated by the present study, appears to be adequate for 

thi. purpo.e.    n,e .eries obtained for the ae.n .quare bending .tress 

i., houaver, slowly convergent.    It would see. desirable to in, jrporate 

•am for» or internal damping to the theory .o «. to lwrovs the con-. 

ver^nce and to bring the theory into clo.er .greement with reality. 
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Tlmoshenho Theory 

^——    Bernouilli-Euler Theory 
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FIGURES. DISPLACEMENT CORRELATION 
FUNCTION (Unnormolized)     vs 
CORRELATION FUNCTION 
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